In this paper, we use the Erdös-Szekeres lemma to show that there exists a graph with partial order competition dimension greater than five.
Introduction
The competition graph C(D) of a digraph D is an undirected graph which has the same vertex set as D and which has an edge xy between two distinct vertices x and y if and only if there exists a vertex z ∈ V (D) such that (x, z) and (y, z) are arcs in D. The notion of a competition graph was introduced by Cohen [5] as a means of determining the smallest dimension of ecological phase space. In ecology, a species is sometimes characterized by the ranges of all of the different environmental factors which define its normal healthy environment. For example, the normal healthy environment is determined by a range of values of temperature, of light, of pH, of moisture, and so on. If there are n factors in all, and each defines an interval of values, then the corresponding region in n-space is a box. This box corresponds to what is frequently called in ecology the ecological niche of the species. Hutchinson in 1944, for example, defines the ecological niche as "the sum of all the environmental factors acting on an organism; the niche thus defined is a region of n-dimensional hyper-space, comparable to the phase-space of statistical mechanics."
For this reason, the n-dimensional Euclidean space defined by the n factors is sometimes called an ecological phase space.
We may assume that a species x is superior to another species y in a certain factor if x can survive in a harsher condition of the factor than y. Given factors, we say that a species x preys on y if x is superior to y in each of the given factors. Then, given factors, we say that two distinct species compete if x and y are superior to a species z.
Suppose we have some independent information about when two distinct species compete. We can then ask how many dimensions are required of an ecological phase space so that we can embed each species in this space so that two species compete if and only if the independent information tells us they should. This question can be formulated in the following way.
Let d be a positive integer. For
. If x y or y x, then we say that x and y are comparable in (R d , ). Otherwise, we say that x and y are
By convention, the zero-dimensional Euclidean space R 0 consists of a single point 0. In this context, we define a digraph with exactly one vertex as a 0-partial order. A 2-partial order is also called a doubly partial order. Cho and Kim [1] studied the competition graphs of doubly partial orders and showed that interval graphs are exactly the graphs having partial order competition dimensions at most two. Several variants of competition graphs of doubly partial orders also have been studied (see [7, 8, 9, 10, 11, 12] ). To extend these results, Choi et al. [3] introduced the notion of the partial order competition dimension of a graph. Definition 1.1. For a graph G, the partial order competition dimension dim poc (G) of G is the minimum nonnegative integer d such that G together with sufficiently many isolated vertices is the competition graph of some d-partial order D, i.e.,
where Z ≥0 is the set of nonnegative integers and I k is a set of k isolated vertices.
They characterized the graphs with partial order competition dimensions up to two. Characterizing the graphs with partial order competition dimension at most three does not seem to be easy. To approach the problem, Choi et al. [3] showed that trees and cycles have partial order competition dimensions at most three. They also obtained the following useful result. Proposition 1. 5 ([3] ). Let G be a graph and let H be an induced subgraph of G. Then
Choi et al. [4] showed that there are chordal graphs whose partial order competition dimensions are greater than three whereas block graphs which are diamond-free chordal graphs have partial order competition dimensions at most three. In addition, Choi et al. [2] studied partial order competition dimensions of bipartite graphs and planar graphs and showed that their partial order competition dimensions are at most four.
Based upon the existing results on partial order competition dimensions of graphs, it is natural to ask whether or not there exists a graph with partial order competition dimension greater than four. As a matter of fact, finding a graph with a fairly large partial order competition dimension is interesting as it shows the existence of a complex ecosystem. In this paper, we use the Erdös-Szekeres lemma to show that there exists a graph with partial order competition dimension greater than five.
Order types of two points in R d
In this paper, we adopt the following notations. 
Suppose that u and v are incomparable in (R d , ). Then there exist i and
k is nonempty and T is also nonempty. This guarantees the existence of a partition {S, S} of [d] such that either u S v and v S u or u S v and v S u. We call such a partition {S, S} an order type for {u, v}. It is clear that there exist S(d, 2) = 2 d−1 − 1 possible order types for {u, v} where S(d, 2) is a Stirling number of the second kind. Note that order types of {u, v} are not unique, for example, for the two points u = (1, 2, 5) and v = (1, 3, 4) in R 3 , {u, v} has order types {{1, 2}, {3}} and {{2}, {1, 3}}.
Lemma 2.1. Suppose that each pair of the three points x 1 , x 2 , x 3 ∈ R d is incomparable and has a common order type {S, S}. Then, for some permutation σ on {1, 2, 3},
Proof. By the hypothesis, S is a total order on {x 1 , x 2 , x 3 }. Therefore there exists a permutation σ on {1, 2, 3} such that x σ(1) S x σ(2) S x σ(3) . Since y 1 S y 2 if and only if y 1 S y 2 for any pair {y 1 , y 2 } of points in R d with the order type {S, S}, the lemma immediately follows. Lemma 2.2. For x, y, z ∈ R d and a nonempty subset S of [d] , suppose that y S x and z S x. Then min{y, z} x. Proof. Suppose, to the contrary, that x and y are comparable in (R d , ). Then x y or y x. By symmetry, we may assume x y. Since x is a non-isolated vertex in C(D), x has a neighbor z in C(D). Then there exists w ∈ V (D) such that w is a common out-neighbor of x and z in D, i.e., w ≺ x and w ≺ z. By the assumption x y, w ≺ x implies w ≺ y. Therefore w is a common out-neighbor of x and y in D. Thus x and y are adjacent in C(D), which is a contradiction.
Partial order competition dimensions of complete multipartite graphs
We denote by K m×n the complete multipartite graph K m,m,...,m having n partite sets of size m vertices. In this section, we show that dim poc (K m×n ) ≥ 6 if m and n are large enough. The Erdös-Szekeres lemma given in [6] states that, for any positive integers r and s, every sequence consisting of rs + 1 distinct real numbers has an increasing subsequence of length r + 1 or a decreasing subsequence of length s + 1. The following lemma is an immediate consequence of the Erdös-Szekeres lemma. 
Proof. Suppose that the elements of V are labeled as a 1 , . . . , a 2 2 d−t+1 +1 so that
(1)
is a sequence on 
forms a chain or an anti-chain in (R 2 , ) for each j = t, t + 1, . . . , d. Let I d = {p, q, r} for positive integers p < q < r. Then, by (1), a p , a q , and a r are desired points in V .
The following lemma plays a key role in proving Theorem 3.5, which is our main theorem. 
(iii) every pair of vertices in V i is incomparable and has an order type {S, S} for each
, and min{a, b} min{c, d}.
Proof. By (ii), we consider the two cases: |S| = 1 and α ≥ 2; |S| = 2 and α ≥ 2 2 d−2 + 1. Case 1. |S| = 1 and α ≥ 2. Without loss of generality, we may assume S = {1}. By (i), we may take four distinct points x, y ∈ V 1 and z, w ∈ V 2 . By (iii), {{1}, {2, . . . , d}} is an order type for both {x, y} and {z, w}. Without loss of generality, we may assume that x {1} y, y {2,...,d} x, z {1} w, w {2,...,d} z.
In addition, we may assume
Then, since w {2,...,d} z, min{x, w} z by Lemma 2.2. Moreover, min{x, w} w by definition. Thus min{x, w} min{z, w}. Now i := 1, j := 2, k := 2, a := x, b := w, c := w, d := z satisfy the conclusion given in the lemma statement and this completes the proof in Case 1.
Case 2. |S| = 2 and α ≥ 2 2 d−2 + 1. Without loss of generality, we may assume S = {1, 2}. Fix i ∈ [α]. We may take three distinct points x i , y i , z i ∈ V i by (i). By (iii), each pair of x i , y i , z i has {S, S} as an order type. Then, by Lemma 2.1, we may assume that x i {1,2} y i {1,2} z i and z i {3,...,d} y i {3,...,d} x i .
Without loss of generality, we may assume
Suppose that there exist distinct i, j ∈ [α] such that i < j and [ (3), y i {1,2} y j . In addition, z j {3,...,d} y j by (2) . Therefore min{y i , z j } y j by Lemma 2.2, which implies min{y i , z j } min{y j , z j }. Then k := j, a := y i , b := z j , c := y j , d := z j satisfy the lemma conclusion given in the lemma statement.
Now suppose that
Note that {y i | i ∈ [α]} is a subset of R d with cardinality α ≥ 2 2 d−2 + 1. By Lemma 3.2, there exist distinct p, q, r ∈ [α] such that p < q < r and, for each j = 1, 3, 4, . . . , d, either
. Now one of the following is true:
We first consider the subcase [
..,d} y p by (2) . Therefore min{x q , z p } y p by Lemma 2.2. Thus min{x q , z p } min{y p , z p }. Then i := q, j := p, k := p, a := x q , b := z p , c := y p , d := z p satisfy the conclusion given in the lemma statement. Secondly, we consider the subcase [
x q {1,2} y r . In addition, z r {3,...,d} y r . Therefore min{x q , z r } y r by Lemma 2.2. Thus min{x q , z r } min{y r , z r }. Then i := q, j := r, k := r, a := x q , b := z r , c := y r , d := z r satisfy the conclusion given in the lemma statement.
Finally, we consider the subcase [ (5) and (2) . Therefore min{y p , y r } min{x q , y q } by Lemma 2.2. Then i := p, j := r, k := q, a := y p , b := y r , c := x q , d := y q satisfy the conclusion given in the lemma statement and this completes the proof. Now we present a theorem which asserts that a complete multipartite graph satisfying certain properties. 
Then every pair in V i have a common type with a part of size 1 or 2, so the condition (iii) in Lemma 3.3 is satisfied. We take one of such common order types and denote it by T i . Clearly V 1 , . . . , V γ satisfy the condition (i) in Lemma 3.3.
Suppose, to the contrary, that there exist distinct i, j ∈ [γ] for which T i and T j are equal and have a part of size 1. By taking V i and V j as the subsets of R d satisfying the conditions (i), (ii), and (iii) of Lemma 3.3 (V i and V j satisfy the first part of the condition (ii)), we may conclude that there exist a i ∈ V i , a j ∈ V j , a k 1 , a k 2 ∈ V k for k ∈ {i, j} such that c = d and min{a i , a j } min{a k 1 , a k 2 }. Since i = j, a i and a j belong to distinct partite sets of G and so a i a j ∈ E(G). Then there exists w ∈ V (D) such that w ≺ min{a i , a j } by the definition of competition graph. Since min{a i , a j } min{a k 1 , a k 2 }, w ≺ min{a k 1 , a k 2 }. This implies a k 1 a k 2 ∈ E(G), which contradicts the fact that a k 1 and a k 2 belong to the same partite set of G. Therefore, for each l ∈ 
} of the same order type. By rearranging the elements in {T i | i ∈ [γ]} if necessary, we may assume that T 1 , T 2 , . . . , T α are the same order type. Then, for V 1 , . . . , V α , the second part of condition (ii) in Lemma 3.3 is satisfied. Thus, by Lemma 3.3, there exist a i ∈ V i , a j ∈ V j , a k 1 , a k 2 ∈ V k for some i, j, k ∈ [α] with i = j such that a k 1 = a k 2 and min{a i , a j } min{a k 1 , a k 2 }. Then, by applying the same argument as above, we may reach the conclusion that a k 1 a k 2 ∈ E(G), which is impossible.
The following theorem is an immediate consequence of Theorem 3.4. 
Concluding Remarks
We conjecture that, for a given positive integer d, dim poc (K β×γ ) > d for sufficiently large positive integers β and γ.
